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Abstract
We calculate the hadronic light-by-light contributions to the muon g 2
within the Standard Model. We use both 1=N
c
and chiral counting to or-
ganize the calculation. We calculate the low energy contributions at lead-
ing and next-to-leading order in the 1=N
c
expansion using the Extended
Nambu{Jona-Lasinio model as hadronic model. We do that to all orders in
the external momenta and quark masses expansion. Although the hadronic
light-by-light contributions to muon g   2 are not saturated by these low
energy contributions, we estimate them conservatively. A detailed analysis
of the dierent hadronic light-by-light contributions to muon g 2 is done.
The dominant contribution is the twice anomalous pseudoscalar exchange
diagram. The nal result we get is a
light by light

= ( 12:4 5:0)  10
 10
.
This is around three times the expected experimental uncertainty at the
forthcoming BNL g   2 experiment.
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1 Introduction
The forthcoming experiment at Brookhaven National Laboratory (BNL) [1] plans





accuracy around  4 10
 10
, improving by a factor more than twenty the previous




= 11 659 230(84)  10
 10
: (1.1)
This expected impressive performance has motivated the recent raised interest in
obtaining a more accurate theoretical prediction of a

within the Standard Model
(SM), for reviews see [3]. One of the reasons is that with a theoretical uncer-
tainty of the same order as the aimed BNL uncertainty, the anomalous magnetic
moment of the muon could become a precision test of the quantum corrections







(one  loop) = 19:5(0:1)  10
 10
: (1.2)






the Fermi coupling constant and m the muon
















are uncalculated boson two-loops contributions. With the same low
theoretical and experimental uncertainties, and when combined with other high
precision results, from the LEP experiments and elsewhere, a

would become an
excellent probe of physics beyond the Standard Model (extra W
R;L
gauge bosons,
Z' bosons, extra Higgs bosons, SUSY, : : :). For a study of the sensitivity of a

to
new physics see for instance [8].
In the Standard Model, the contributions to a

fall into three categories: the
pure electromagnetic (QED) contributions, the electroweak contributions dis-
cussed above and the hadronic contributions. The QED contributions have been
calculated and/or estimated up to order (=)
5
. They give the bulk of the value
of a

. For an updated value of a
QED

see [6] and references therein. A review of




= 11 658 470:8(0:5)  10
 10
: (1.4)
The main actual source of theoretical uncertainty still remains in the hadronic
contributions. The leading hadronic contributions are of two types: the vacuum
polarization and the light-by-light scattering contributions. The hadronic vacuum
polarization contributions are the major source of uncertainty at present. Fortu-














) [9]. The planned improvement of
the experimental determination of R(s) in e.g. BEPC at Beijing, DANE at
Frascati, and VEPP-2M at Novosibirsk will signicantly reduce this uncertainty.
A recent reanalysis of the contribution of the full photon vacuum polarization
insertion into the electromagnetic vertex of the muon can be found in [10, 11].




= 725:04(15:76)  10
 10
: (1.5)
In [11], using experimental data below 2 GeV
2
and accurate QCD calculations




= 711:34(10:25)  10
 10
: (1.6)
An alternative attempt to compute it at lowest order, i.e. (=)
2
, within the
same low energy model we use in this work can be found in [12, 13]. At order
(=)
3
there appear other hadronic vacuum polarization contributions that can





(higher orders) =  9:2(0:5)  10
 10
: (1.7)
Unfortunately, the hadronic light-by-light scattering contribution cannot be
related to any observable and hence we must rely on a purely theoretical frame-
work to calculate it. There have been several attempts to do this in the past
[14, 15]. There has also been recently some discussion about the reliability of
this calculation [16, 17]. To pin down this contribution is an important issue
since a quick estimate yields that it could be of the same order of magnitude as
the expected BNL uncertainty. Recently, with the aim of reducing as much as
possible the theoretical uncertainty from this contribution, there have appeared
two works, [18] and [19], which calculate a
light by light

. An extended version of
[18] is in [20]. This paper is the detailed version of [19].
The present work is devoted to the calculation within the Standard Model of
the contributions of the hadronic light-by-light scattering to a

. A rst simplied
version and summary of the main results of this paper was presented in [19]. A
numerical mistake was discovered in the rst reference of [19] which was corrected
in the Erratum. Of course, the methods used in [18] and [19] are similar and
mainly based on the analysis performed in [12]. Nevertheless, we want to discuss
the main dierences in the calculations as well as the reasons why we use the
Extended Nambu{Jona-Lasinio (ENJL) model for this task.
The framework we have adopted to calculate the hadronic light-by-light con-
tribution is an 1=N
c
expansion within the ENJL model. In Ref. [19] the O(N
c
)
leading hadronic contributions were presented. The next-to-leading in the 1=N
c
expansion eects of the U(1)
A
anomaly were also included. There, we took as a
rst estimate of the remaining O(1) in the 1=N
c






loop contributions from [18]. Here we shall come back to all
these issues in a more detailed fashion.
The paper is organized as follows. In Section 2 we present the denitions
related with the hadronic light-by-light scattering contribution to a

and specify
the method we have used to calculate it. In Section 3 we explain why we have
chosen the ENJL model as a good low energy hadronic model. Its main features
and denitions needed are also presented here. Section 4 concerns the calculation
of the large N
c
contributions to the hadronic light-by-light scattering to a

. This
section also includes an estimation of the main next-to-leading in 1=N
c
eects
coming from the U(1)
A
anomaly. Various checks performed and numerical com-
parison with other works are also shown here. In Section 5 the next-to-leading
(O(1)) in 1=N
c
contributions coming from charged pion and kaon loops are dis-
cussed. Here, inspired by the ENJL model O(N
c
) calculation, we will use lowest
order Chiral Perturbation Theory (CHPT) modulated with vector meson propa-
gators to calculate them. We discuss issues of gauge and chiral invariance there
as well. Then in Section 6 we shall gather the numerical results for the contribu-
tions analysed in the previous sections. In Section 7 we discuss the contributions
coming from the intermediate (between 1 GeV and 4 GeV) and higher energy
regions to the hadronic light-by-light scattering contribution to a

. In particular,
how to estimate them and the theoretical error they induce. Finally, Section 8
is devoted to a discussion of the results and conclusions. Appendices collecting
some analytical expressions are also included at the end.
2 The Method and Denitions
The amplitude describing the interaction of a momentum p fermion with an
external electromagnetic eld A















































where m is the fermion mass. The form factor d   F
3
(0) is the electric dipole




(0) is the magnetic moment of the fermion in mag-
netons. In the Born approximation F
1




(0) = 0. In analogy
with the classical limit, it is usual to dene the gyromagnetic ratio g  2 and
the anomalous magnetic moment as a  (g   2)=2.
The hadronic light-by-light scattering contributes to a at order (=)
3
. This
is a vector four-point function made out of four quark vector currents attached
to the fermion line with three of its legs coupling to photons in all possible ways
and the fourth vector leg coupled to the electromagnetic external source. One
hadronic light-by-light scattering contribution is depicted in Fig. 1. The cross-









Figure 1: Hadronic light-by-light contribution to a

. The bottom line is the
muon line. The wavy lines are photons and the cross-hatched circle depicts the
hadronic part. The cross is an external vector source.
4
rst permutation of the three vector legs attaching to the fermion. There are ve
more permutations.
To extract the hadronic light-by-light scattering contribution to the muon
a

 (g   2)=2 we shall closely follow Ref. [21] and use the rst permutation




























































+ ve more permutations ;
(2.2)
where we have explicitly given the contribution from the permutation in Fig. 1.























































































is a quark of avour i and Q
i
its electric
charge in units of jej. Summation over colour between brackets is understood.








) in the Standard Model is the subject
of the next sections.








) is the fol-
lowing. This four-point function has six contributions due to Bose symmetry of
the vector legs, but these permutations are just giving the same six permutations
we already took into account in Eq. (2.2). What we do is to calculate with both
the six permutations in the four-point function vertices and the six permutations
in the points where photons connect in the muon line and therefore we have to
divide by six the four-point function not to make double counting. This will be









) (see App. A) and in the electromagnetic vertices in the muon
line.









) has to be UV nite in renormalizable theories as
the Standard Model. This is true for the sum of all the permutations of a given








). However, each single permutation can
be divergent. This is the case for the one fermion loop contribution where some
permutations are UV logarithmically divergent. In order not to rely on numerical
5








) in a form where each permu-


































The presence of the extra derivative with respect to p
3
makes the rhs of (2.4)














































































It can be shown, see [21], that the contribution from the light-by-light scattering
to a















The eight dimensional integration in Eq. (2.6) of the two loops on muon momenta
can be reduced to ve, two moduli and three angles, using the symmetries of the
system. The integration over these variables has been done in Euclidean space.
The integral in Eq. (2.3) brings in additional integration parameters, the latter
integral we also perform in Euclidean space.
The momenta owing through the three photon legs attached to the muon
line run from zero up to innity, covering both the perturbative and non per-
turbative regimes of QCD. These two dierent regimes are naturally separated
by the scale of the spontaneous symmetry breaking 

' 1 GeV. Around this
scale the strong interaction contributions have to match the perturbative QCD
predictions in terms of quarks and gluons. Hence, rigorously, one should calcu-








) and match this result with
a perturbative QCD calculation of the high energy contribution. Here this is
technically rather involved because of congurations with both high and low en-




were around the muon mass we could attempt to make a pure
low energy calculation that would saturate it. Were the contributions from the
high energy perturbative region not negligible we would need a more sophisti-
cated model suitable both in the low and intermediate energy regions. We have
investigated this issue by putting relevant Euclidean ultraviolet cut-os, labelled
6
 from now on, in the moduli of the momenta attaching to the muon line in Eq.
(2.6).
Since, as said before, the momenta in the photon legs can run up to innity any









). This is clearly beyond the reach of the present state of the art
of CHPT. Alternatively, one can rely on a good low energy hadronic model. We
have chosen the Extended Nambu{Jona-Lasinio model. Reasons for that choice,
denitions and main features of this model are in the next section. Using this
model, we calculate the low energy contributions to a
light by light

. We then study
the saturation of a
light by light

by the physics at scales below or around , where
 in our case is the physical cut-o of the ENJL model. Although it will turn
out that the contributions from intermediate and high energy regions are not
negligible, we shall be able to give a conservative estimate for them. This will be
explained in Section 7.
3 The ENJL Model
For recent comprehensive reviews on the NJL [22] and the ENJL models [23],
see Refs. [24, 25]. Here, we will only summarize the main features, notation and
reasons why we have chosen this model. More details and some motivations on
the version of ENJL we are using can be found in [26, 27, 28].





























)  (M+ s  ip
5
)g q : (3.1)
Here summation over colour degrees of freedom is understood and we have used











=number of colours) representation; G

is the gluon




, s and p are external vector, axial-vector, scalar and
pseudoscalar eld matrix sources;M is the quark-mass matrix. The ENJL model



















































Here i; j are avour indices and 	
R;L

































() are dimensionless and O(1) in the 1=N
c
expan-




includes only low frequency (less than ) modes of
quark and gluon elds. These low frequency modes of the gluon elds can be
assumed to be fully absorbed in the coecients of the local operators or alterna-
tively described by vacuum expectation values of gluonic operators. So at this
level we have two dierent pictures of this model. One is where we have inte-
grated out all the gluonic degrees of freedom and then expanded the resulting
eective action in a set of local operators with quark elds keeping only the rst
non-trivial terms in the expansion. The other picture is obtained when we only
integrate out the short distance part of gluons and quarks. We then again expand
the resulting eective action in terms of low energy local operators with gluon
and quark elds. This is described in [25, 26] and the best ts there correspond
to the rst alternative. Therefore, in the present work we will use (3.2) with all
gluonic degrees of freedom integrated out.
This model has three parameters plus the current light quark masses. The




and the physical cut-o  of the regularization
that we chose to be proper-time. Although this regulator breaks in general the
Ward identities we impose them by adding the necessary counterterms (both in
the anomalous [29] and in the non anomalous sectors). The light quark masses
in M are xed then to obtain the physical pion and kaon masses in the poles
of the pseudoscalar two-point functions [27]. The values of the other parameters
are xed from the results of the t to low energy eective chiral Lagrangians




' 1:263, and  ' 1:16 GeV from





= 275 MeV and M
s
= 427 MeV.
The model in Eq. (3.2) has the same symmetry structure as the QCD action at
leading order in 1=N
c
[30]. Notice that the U(1)
A
problem is absent at this order




of the elds in
this model see reference [26].) In the chiral limit, this model (for G
S
> 1) breaks
chiral symmetry spontaneously via the expectation value of the scalar quark-
antiquark one-point function (quark condensate). As described in [26] this model
includes the quark loop model as a specic limit.
Two-point functions are given by the general graph depicted in Fig. 2. The
resummation of strings of bubbles of constituent quarks for two-point func-
tions, other techniques used here together with more phenomenological issues
are treated in Refs. [26, 27, 28, 32] and reviewed in [25]. Some applications
to other non-leptonic matrix elements can be found in [33] and [34]. The gen-
eral conclusion is that within its limitations the ENJL-type models do capture
a reasonable amount of the expected physics from QCD, its symmetries, their
spontaneous breakdown and even some of its short distance information. For in-
stance, the Weinberg sum rules [35] are satised. This is a very important point































Figure 2: The graphs contributing to the two point-functions in the large N
c
limit. a) The class of all strings of constituent quark loops. The four-fermion
vertices are those in Eq. (3.2). The crosses at both ends are the insertion of the
external sources. b) The one-loop case.
are needed to obtain good matching between the low-energy behaviour and the
high-energy one. As an example, they are essential for the convergence of the




mass dierence [36]. Models
to introduce vector elds like the Hidden Gauge Symmetry (HGS) [37] do not
have this good intermediate behaviour for some choices of the parameters. The
choice of parameters in the HGS model used in [18] to calculate a

is aected by
this problem. For instance, the contribution to the above mass dierence in the





























where a is a parameter of the HGS model. This obviously diverges badly for
a = 2 which is the value chosen in [18].
The major drawback of the ENJL model is the lack of a connement mecha-
nism. Although one can always introduce an ad-hoc conning potential doing the
job. We can smear the consequences of this drawback by working with internal
and external momenta always Euclidean.
We will use the ENJL model as a model to fairly describe in the large N
c
limit strong interactions between the lowest-lying mesons and, if needed, external
sources. This is a tree-level loop model with an explicit cut-o regularization for
one loop parts. What we mean by a tree-level loop model is the following: a
general set of external sources is connected via full chains, like the one depicted
in Fig. 2, to one-loop diagrams which are also glued through full chains or four-
fermion ENJL vertices. These are the leading contributions in 1=N
c
. It is at this
level that the hadronic properties of this model have been tested. To go beyond
this level one would have to include other operators not suppressed at the next-to-
leading order in 1=N
c
in the ENJL Lagrangian. At that level one also encounters
the problem of regularizing overlapping divergences in the model. This is the
9







Since one of the issues that motivated this calculation was the apparent not
fullling of Ward identities in previous calculations (see comment in [17]), we want
to emphasize here that this model possesses chiral symmetry and the necessary
counterterms are added so that n point Green functions full both anomalous
and non anomalous Ward identities [27, 29]. For instance, the calculation in [18]
assumes ordinary VMD for the anomalous sector. It was shown in [29] that this
VMD breaks the anomalous Ward identities and one needs subtractions to restore
them. This is particularly important for the avour anomaly contribution to the
hadronic light-by-light scattering. We want to point out also that in the ENJL
model we are using, both anomalous and non anomalous sectors are described
by the same set of parameters. This is not the case for HGS models where
consistency between parameters in both sectors is not obvious.




were realized in Ref. [12]. In fact, in this reference the
hadronic vacuum polarization to lowest order (=)
2
was calculated within the
same ENJL model we use here, obtaining a good agreement ( 15%) with the
phenomenological result in Ref. [17]. This accuracy, enough for our purposes,
is the maximum we can expect from our calculation. One of the conclusions
of reference [12] was that the hadronic vacuum polarization to a

saturates for
energies around 1.5 GeV which is still a reasonable scale were the model could
be applied without introducing too much uncertainty. We shall see that in the
light-by-light case the contributions from higher energies are not negligible. More
comments on this are in Section 6.
4 Low Energy Large N
c
Contributions
In this section we discuss the low energy contributions that appear at large N
c
within the framework of the ENJL model [12]. For a general contribution, as
can be seen in Eqs. (2.6) and (2.7), we have to compute the derivative of the












= 0. The Lorentz structure of this four-point function and some other
technical aspects of its calculation are in Appendix A. Since we are dealing
with the low energy contributions to a

we shall only consider the lightest quark
avours: up, down and strange. Contributions from heavier avours are discussed
in Section 7. In the ENJL model there are two classes of contributions to the








). The rst one is a pure four-
point function (see Fig. 3(a)). The second one, which we call three-point-like
function contributions, can be regarded as two three-point functions glued with
one full propagator (see Fig. 3(b)). Within this framework, it clearly appears

























). (a) The four-point functions class. (b) The product of two three-point
functions class. Dots are ENJL vertices. The circled crossed vertices are where
photons connect. The cross-hatched loops are full two-point functions and the









) are dierent and therefore should be summed up [12]. The pure
four-point function corresponds to the so-called quark loop contribution and the
three-point-like function contributions to the meson pole exchange in the language









) are calculated to all orders in the CHPT expansion.
4.1 Pure Four-Point Function Contribution
This contribution is diagrammatically represented in Fig. 3(a). In the CHPT
expansion the lowest order contribution is order p
8
, thus potentially sensitive to
the high energy region. The momenta assignment shown in the gure is the one
corresponding to the rst permutation. Whenever we give explicit expressions
these are the ones corresponding to this permutation. The other ve permutations
are done analogously.









) with the same Lorentz and avour structure
as the four-point function in Eq. (2.3) with the three vector legs attaching to
the muon line dressed with full vector propagators. These are the cross-hatched
blobs in Fig. 3(a). The circled crosses vertices in the gure are where the photon
lines connect. In the large N
c
limit there is either a constituent up, down or




























































































































































corresponds to either uu,

dd or ss avour structure and can be found in Ref. [27].
Notice that the full vector propagators in the ENJL model have the same form as
in VMD models but with a momentum dependent \vector mass". See discussion
in [27] about meson dominance in ENJL models.
After summing over all the six possible permutations of the external momenta
only the terms proportional to g

tensor survive because of the U(1) gauge
invariance. This leads then to the phenomenological VMD rule of replacing the
12















Thus implying that this rule preserves the Ward identities after summing over
all the permutations.
We compute the constituent quark loop following the analysis in Appendix A
and using a proper time regulator with a physical cut-o .








) in eq. (4.1) to a

can be decomposed in
terms of 32 independent amplitudes (see App. A). After integrating over the
momentum running in the loop, these amplitudes will be integrals over the three
Feynman parameters introduced by the standard procedure of reducing the four
internal propagators to a power of one propagator. Moreover, after taking the




= 0 one of the Feynman parameters can be





































































is the constituent quark mass with avour i. The Feynman parameters x
and y, together with the other ve degrees of freedom for the two external muon
loops in Eq. (2.6), produce a seven dimensional integral that we perform using
the Monte Carlo routine VEGAS. The numerical results of this contribution will
be discussed in Section 6. As a check we have reproduced the results for the
constituent quark and muon loops in [15] and the electron loop result in [39].
4.2 Three-Point-Like Function Contributions
This class of contributions is diagrammatically represented in Fig. 3(b). There
are two permutations of the vector legs for each of the two three-point functions.
In addition there are three possible sets of two momenta out of the four external
vector legs momenta. This makes twelve possible permutations to be considered
for three-point-like function contributions. The momenta shown in the gure
are the ones corresponding to the rst permutation. Whenever we give explicit
expressions these are the ones corresponding to this permutation. The other
eleven permutations are done analogously.
13
In this case we have two one-loop three-point functions with two vector legs
each one glued with a full two-point function that can be either pseudoscalar,
scalar, mixed pseudoscalar{axial-vector, or axial-vector. For intermediate vec-
tor two-point functions the result is zero because of Furry's theorem. Three of
the vector legs here are then attached to the muon line with dressed full vector
propagators just as in the case of the pure four-point function discussed in the pre-
vious section. Again, in the large N
c
limit, there is either an up, down or strange
constituent quark running in the loop. Technically we have used two dierent ap-
proaches to calculate this type of contributions. One is using the Ward identities








). In this way one has to determine the








) contributing to a
light by light

, see Appendix A.









from the three- and two-point functions. Here one relies on the Ward identities
for three-point functions. As a check we veried that both ways agree exactly.
In what follows we study each type of exchange (scalar, pseudoscalar and
axial-vector) separately.
As an additional numerical check we have also calculated the pion exchange
contribution with vector meson dominance of the rho meson in the vector legs
and when the anomalous vertices are from the order p
4
Wess-Zumino eective
action. Our result agrees exactly with that in Eq. (4.1) of [20].
The two-point function involves the integration over one Feynman parame-
ter and each one of the two three-point functions the integration over two more
Feynman parameters. These integrals have been evaluated using Gaussian inte-
gration. To obtain a

, one has to convolute these three-point-like contributions
with the ve dimensional space integral of the external two muon-loops in Eq.
(2.6) which has been performed using the Monte Carlo routine VEGAS. The
numerical results of these contributions will be discussed in Section 6.
4.2.1 Scalar Exchange
For the scalar exchange, the lowest order contribution in the CHPT expansion is
order p
8






























































full two-point function 
S




(p; q) and 
SV V

(p; q) are in Appendix B. Eq. (4.7) can be



















; r). The whole diagram is then glued to





For the pseudoscalar exchange the lowest order contribution in the CHPT expan-
sion is order p
6
. This, together with the fact that it involves two avour anomaly
vertices points out that this contribution could be the leading one. Considering as
part of the pseudoscalar exchange all those terms proportional to a pseudoscalar
propagator, this contribution includes also the pseudoscalar{axial-vector mixed




































































































(p; q) and 
V V P

(p; q) can be found in Ref. [27]. See Eq. (B.5) in Appendix
B for the explicit expression. The mixed two-point function 
P














Since both the V V A and the AV V three-point functions are multiplied by r

,
we use the one-loop anomalous Ward identity in Eq. (4.24) of [27] and the













































































































































+    ; (4.10)
where M
i
is the constituent quark mass for the quark with avour i and M
Q
its value in the chiral limit. The rst two lines above come from applying naive
Ward identities to the axial-vector leg, while the last four lines are the sub-




contains subtractions also determined by the anomalous Ward identities [27]. See
Eq. (B.6) in Appendix B. Expression (4.10) also shows that the pseudoscalar
exchange contribution always contains at least one vector meson propagator.
15
However, in the ENJL model, vector meson propagators go to a constant at large







vertex goes to a constant when the vector legs' momenta are very
large. Therefore, although this contribution when summed over all possible per-
mutations is convergent by itself because of gauge invariance (see Section 2), the







vertex goes like 1=p
2
at large momentum [40]. This indicates again that
although this model gives the right contribution for energies below or around ,
it breaks down above. We shall estimate the intermediate and high energy region
contributions for the pseudoscalar exchange in Section 6.
Although the present section is devoted to the large N
c
contributions, it is
worth to discuss the main 1=N
c
corrections to the pseudoscalar exchange at this
point. These are the eects of the U(1)
A
anomaly and were already included
in the Erratum in Ref. [19]. In the chiral limit and in the large N
c
limit there















avour SU(3) they transform as a nonet multiplet. However nonet symmetry is
broken by 1=N
c
eects due to the U(1)
A
anomaly. These eects cause the isospin
zero mass eigenstates to become the  and 
0
states. They also increase the mass
of the 
0
meson to 958 MeV. These 1=N
c
corrections are thus quite relevant to the
pseudoscalar exchange. We have taken them into account by using the physical

0
,  and 
0
mass eigenstates as propagating states. This already gives the bulk
of the eects of the U(1)
A
anomaly. Higher order corrections are negligible and
within the quoted error. The results of using either uu,

dd, and ss basis of states
for the large N
c
limit or the physical 
0
,  and 
0
basis are given in Section 6.
4.2.3 Axial-Vector Exchange
For the axial-vector exchange, the lowest order contribution in the CHPT expan-
sion is order p
8

































































full axial-vector two-point function 

A
(p) can be found in Ref. [27] and the
one-loop three-point functions 
V VA

(p; q) and 
AV V

(p; q) are in Appendix B.
Although the longitudinal part of the axial-vector two-point function contains
a pseudoscalar propagator, it vanishes in the chiral limit. The transverse part
does contain the kinematical pole at p
2
= 0 often included in the pseudoscalar
contributions.
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. In the previous sections we have discussed the low energy large N
c
contributions in the context of the ENJL model. We included the eects of the
U(1)
A
anomaly which are next-to-leading in 1=N
c
as well. Here we address the
calculation of the other O(1) corrections in the 1=N
c
expansion. In the language
of the ENJL model, these corrections are the loops of bubbles contributions. They
contain one closed loop of a string of bubbles like the one in Fig. 2(a). This loop
is then connected in all possible ways to the photons using strings of bubbles. In
a mesonic picture they correspond to one meson loop contributions. This meson
loop can then substitute any one-loop constituent quark (bubble) in diagrams in
Figs. 3(a) and 3(b). In this way, these 1=N
c
corrections are of two classes. The
1=N
c
corrections to full two-point functions, i.e. to meson masses and couplings
and the 1=N
c
corrections to three- and four-point one-loop functions, i.e. to
vertices. In fact, the major 1=N
c
corrections to pseudoscalar two-point functions,
namely the U(1)
A
anomaly, was already estimated in Section 4. The other 1=N
c
corrections to two-point functions should be small since the phenomenological
analysis in Refs. [26, 28] and [27] ts very well. We thus expect these to be
already included in the error of the model for the large N
c
results. Therefore, we
shall only consider here the 1=N
c
corrections to the vertices.
Unfortunately, at present, these type of contributions cannot be fully treated
in the ENJL model. Some of the reasons were given in Section 3. In its present
form the ENJL model we are using is just well dened in the large N
c
limit.
Four-point functions can be also calculated at very low energy within CHPT
[41]. In this regime the relevant degrees of freedom are the lowest pseudoscalar
mesons and vector, axial-vector and scalar resonances have been integrated out.
Their eects are included in the couplings of the CHPT Lagrangian [42]. CHPT
becomes then a good tool to study strong interactions of the lowest pseudoscalar














vertices, where P is pion or kaon. The rst vertex is well known
phenomenologically and VMD models give a very good description of it. On the
contrary, not much is known phenomenologically about the second one. This fact
induces a large model dependence since one can construct many models satisfying
the relevant Ward identities and with dierent degrees of VMD. One can use for
























vertices. This is done inspired by the form of
the O(N
c
) contributions in the ENJL model.











) in the ENJL model contains the
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one-loop four- or three-point-like functions, which give the lowest order in the
CHPT counting, multiplied by the ENJL vector meson propagators in Eq. (4.2).
Inspired by this behaviour we saturate the O(1) contribution by one loop of
charged pion or kaon mesons using lowest order CHPT photon-pion vertices, i.e.
O(p
2
), multiplied by the ENJL vector meson propagators in (4.2). The main
dierence with a full ENJL calculation here is that we substitute the momentum
dependent pion mass and coupling by their experimental values.
To understand the sensitivity on momenta dependence of the vector meson
propagators we have numerically studied the dierence between the case with
vector propagators containing a constant vector mass and the case with a mo-
mentum dependent one. Each choice gives dierent high energy dependence of
the photon-pion vertices.









lowest order in the CHPT counting is order p
4
. This also points out that this
contribution could be dominated by lower energy regions than the other contri-
butions analyzed in previous sections which started at order p
6
. Since we are
including as propagating states only the lowest pseudoscalar mesons and the rho
vector, our approach will be only valid for energies below or around 1 GeV. Above
this energy axial-vector mesons become also dynamical states. The saturation of
this contribution from physics at scales around 1 GeV can only be conrmed a
posteriori. The numerical results concerning this contribution are presented in
Section 6.
We now proceed to analyze in more detail the two types of possible contribu-
tions: the pure four-point function and three-point-like function contributions.
In particular, the three-point-like contributions can be seen as the diagram in
Figure 3(b) where one or both one-constituent-quark loop three-point functions
are replaced with charged pion or kaon loops. Due to parity, the intermediate
two-point function glueing the two three-point functions can be either vector or
scalar. The vector contribution is again zero because of Furry's theorem (this can
be better veried in the ENJL inspired diagrams where the vector legs couple to
fermion lines). The scalar contribution we expect to be very suppressed like in
the O(N
c
) case (see numerical results in Section 6). The important point here
is that there are no anomalous contributions since now we have mesons running
in the three-point functions. This makes this contribution to be in the range of













) in Eq. (2.3). This can be seen as the diagram in Fig.
3(a) where the one-loop constituent quark four-point function is now a loop of


































) is the O(1) in 1=N
c
contribution from charged pion and
18
kaon loops using lowest order in CHPT photon-pion vertices. Therefore we com-




































where the subscript aa means that we take the aa component in avour space.






; P ], the term above gives

















) at a given order in CHPT, in this case O(p
2
), has to be gauge co-









again the analysis in Appendix A, where we need to determine the 32 independent
amplitudes that contribute to the a
light by light

. These amplitudes have always
the Lorentz indices saturated by external momenta indices. Notice that vertices
with one photon are proportional to external momenta, while vertices with two
photons are proportional to g

tensors. Thus we only need to compute the UV
convergent amplitudes and reconstruct the contribution from the two-photons{
two-mesons vertices using gauge invariance. The full meson one-loop with order
p
2
vertices explicitly satises the chiral and U(1) gauge Ward identities. In fact
the amplitudes one gets for the 32 independent functions are very similar to
the ones found in the one-loop constituent quark amplitudes in Eq. (4.4). The


















































is the mass of the pseudoscalar meson P . The one-loop meson pure four-
point function is multiplied with the propagator in (4.2) to give the four-point
function of Eq. (5.1).
If the one-loop four-point function satises the Ward identities, as it does,
























independently of whether M
V
is momentum dependent or not. As we already
said for the one-loop constituent quark loop contribution, after summing over all
possible permutations of the three vector legs, only the terms proportional to g

in (4.2) survive since the meson one-loop four-point function satises the Ward




. This eliminates the worries about the fullling of chiral symmetry
when using this substitution [17, 18]. That this procedure is fully chiral and
U(1) gauge invariant can be seen simply by constructing a Lagrangian with full
electromagnetic gauge and chiral invariance and that has complete VMD. The






























































are external vector and axial-vector elds. The photon eld is con-
tained in v

, the quark masses are collected in  and 

is the vector meson eld.



























The external vector eld only couples via the vector meson eld 

, so we nat-
urally have full VMD and full chiral invariance in this model. Note that this
model is not equivalent to the usual Gauged Yang-Mills model for vector and
axial-vector elds with the axial-vector ones integrated out. Again the numerical
results for this contribution are in Section 6.
6 Numerical Results
In this section we give the numerical results for the low energy calculation of the
hadronic light-by-light contributions to a

presented in Sections 4 and 5.
Let us rst analyze the result for the large N
c
limit calculation including the
eects of the U(1)
A
anomaly as explained in Section 4. Since we are dealing with
a low-energy model, as mentioned before, it is necessary to study the dependence
on a high-energy cut-o  on the vector legs' momenta.





, i.e the pure four-point function in the second column and the
pseudoscalar exchange three-point-like function in the third column, as a func-
tion of the cut-o together with the errors quoted by VEGAS. Since the integrand
is rather irregular, this error estimate is somewhat on the small side (see also [43])
and will be largely superseded by the error in our nal result.
2
In fact, the complete VMD we are using is identical to the so-called naive VMD model



















(GeV) Constituent Pseudoscalar 
0
,  and 
0
 Quark Exchange O(N
c
) Exchanges Sum




0.7 1.14(0.02)  19.4(0.1)  7.2(0.1)  6.1
1.0 1.44(0.03)  24.2(0.2)  9.4(0.1)  8.0
2.0 1.78(0.04)  33.0(0.2)  13.2(0.2)  11.4
4.0 1.98(0.05)  39.6(0.6)  15.9(0.2)  13.9
8.0 2.00(0.08)  46.3(1.5)  18.6(0.4)  16.6
Table 1: Results for the order N
c
constituent quark loop and pseudoscalar ex-
change hadronic light-by-light contributions to a

in the ENJL model.
For the seven dimensional integral of the pure four-point function (or one
constituent quark loop) contribution, we used a statistics of 20 iterations with
10
5
points in the Monte Carlo routine VEGAS, while for the two muon loops
ve dimensional integral of the three-point-like function contributions we used a
statistics of 20 iterations with 5000 points in the same Monte Carlo routine. This
statistics is equivalent to the one used in the seven dimensional integral case. For
the two- and three-point functions needed in these three-point-like contributions
we used Gaussian integration with an accuracy of 10
 6
.
For the pure four-point function contribution, the result only stabilizes at a
rather high value of . The change between a cut-o of 2 GeV to a cut-o of 4
GeV is still typically 20%. This is for a bare quark loop with a constituent quark
mass of about 300 MeV. The change from 0.7 GeV to 2 GeV is typically a factor
of 1.8. The changes for our more realistic ENJL model can be judged from the
results in Table 1, column 2. This invalidates the use of any low energy model to
calculate accurately the complete hadronic light-by-light contribution to a

. The
bulk of these contributions does not come from the dynamics at scales around the
muon mass as it is often stated. This also explains the rather high sensitivity to
the damping provided by the vector two-point functions as seen in [15]. Mostly
due to its electric charge and heavier mass, the contribution of the strange quark
avour is much smaller (around 0:04 10
 10
) than that of the up and down quarks
shown in Table 1. This value is within the quoted VEGAS error for up and down
quark contributions. In Section 7 we give an estimate of the intermediate and
high energy one constituent light quark loop contributions and the heavier quark
avours contributions.
For the three-point-like function contributions we have done the same study of
the cut-o dependence as for the four-point function contribution. In particular
we nd that at large N
c
the contribution of the pseudoscalar exchange is more




















in Figure (2b) in Figure (2b)
0.7  0.46(0.01)  0.06(0.01)  0.52
1.0  0.60(0.01)  0.10(0.01)  0.70
2.0  0.68(0.01)  0.15(0.01)  0.83
4.0  0.68(0.01)  0.35(0.04)  1.03
Table 2: Results for the order N
c
scalar and axial-vector exchange hadronic light-
by-light contributions to a

in the ENJL model.
contribution so dierent can be traced back both to the presence of two avour
anomaly vertices and the CHPT counting. It therefore deserves more attention.
In fact, the pseudoscalar exchange has important next-to-leading corrections from
the eects of the U(1)
A
anomaly that leave the 
0




. We have taken into account the eects of the U(1)
A
anomaly by using the physical 
0
,  and 
0
mass eigenstates as propagating states.
The results can be found in the fourth column of Table 1. We nd in this case
less stability at high values of the cut-o  than for the quark-loop contribution.
Although the change from 0.7 GeV to 2 GeV is also around 1.8, the stability
is worse for cut-o values above 4 GeV. Notice also that the error from the
integration routine VEGAS is larger for these values of the cut-o. The poor
stability in the pseudoscalar exchange is mainly due to the subtraction terms we
need to obtain the correct SU(3) avour anomaly. We shall give in Section 7 an
estimate of the intermediate and high energy contributions to the pseudoscalar
exchange term. We nally give in the fth column the sum of the second and
fourth columns.
Both scalar and axial-vector exchanges in three-point-like function contribu-
tions are much smaller than our nal error. Their results for up, down and strange
quark avours are in Table 2. The scalar contribution has obviously stabilized.
The axial-vector one has large cancellations and became numerically unstable for
a cut-o of 8 GeV. We have therefore not quoted the values for this cut-o.
The results for the dominant contributions of order 1 in 1=N
c
are in Table 3.
We have saturated this contribution by the physics of pion, kaon and rho mesons
as explained in Section 5. Therefore, we need to verify if these contributions really
saturate for energies below the axial-vector mass. For this, we have studied the
cut-o dependence by varying the Euclidean cut-o . For these contributions
we used a statistics of 10 iterations with 10
6
points in the Monte Carlo routine
VEGAS. As can be seen in Table 3, charged pion loop contributions saturate














(GeV) Pion Loop Kaon Loop
 in Figure 3(a) in Figure 3(a) Sum
0.6  1.42(0.03)  0.026(0.001)  1.45
0.8  1.67(0.04)  0.042(0.001)  1.71
1.0  1.81(0.05)  0.048(0.002)  1.86
2.0  2.16(0.06)  0.087(0.005)  2.25
4.0  2.18(0.07)  0.099(0.005)  2.28
Table 3: Results for the order 1 in the 1=N
c
expansion charged pion and kaon
loops hadronic light-by-light contributions to a

.
3, we see that the change between the result at 1 GeV and the result where it
stabilizes is less than 20% so we conclude that the approximation we are doing
works to this accuracy which is good enough in view of our nal uncertainty, see
Section 8. The intermediate and higher energy contributions for this case are also
discussed in the next section. The results in Table 3 are obtained using ENJL
vector mesons propagators for the vector legs. We have also used vector meson
propagators with constant vector mass, in this case the charged pion plus kaon
loop contributions to a
light by light

saturate earlier (at  = 0.8 GeV ) with a value
around  1.65  10
 10
.
7 Intermediate and High Energy Contributions
In this section we estimate the hadronic contributions from intermediate and
high energy regions to a
light by light

. From our previous results we see that the
only rigorous result is for scales smaller than (0.6  1) GeV. In the case of the
constituent quark loop contribution one can still obtain an estimate of the higher
energy contributions, e.g. by mimicking the high energy behaviour of QCD by
a bare constituent quark loop with a mass of about 1.5 GeV. This gives only
an additional correction of about 0:2  10
 10
. Here the mass of the heavy quark
acts as an infrared cut-o so that this heavy bare quark loop is mimicking the
QCD behaviour for a massless quark with an IR cut-o around 1.5 GeV. This
contribution is positive and if there is any VMD suppression here it will be
even smaller. We take this number as the uncertainty due to the high energy
region contribution and the ENJL result where it stabilizes as our estimate for
the constituent quark loop contribution. For what concerns heavy quarks, we
estimate the charm quark contribution with a bare quark loop damped with cc
meson dominance propagators in the photon legs. This contribution is very small.
The estimate of intermediate and high energy contributions for the pseu-
23




. From the phenomenological analysis of J=	 decays






vertex enters its asymptotic behaviour
dictated by QCD at scales around the J=	 mass. So that a safe region where






vertex is for scales of the order of
the J=	 mass, we take  = 4 GeV. We take the dierence between  '  and
 = 4 GeV as an estimate of the intermediate energy regions and add this to the
error linearly. Now, let us see the contributions from scales higher than 4 GeV.









dependence suppresses the high energy contributions more
than the point-like Wess-Zumino vertex damped by complete VMD propagators.
In this last case we saw that the contributions from energies above 2 GeV were
negligible.
We expect the vector propagator to behave as the naive VMD propagator
above . One way to have an estimate of the intermediate region eects in the
pseudoscalar exchange contributions is to put a constant rho vector mass (keeping
the subtraction terms) and see the dierence between when it stabilizes and the
ENJL result there. Doing that we see that the pseudoscalar exchange saturates
around 8 GeV with a value around 2  10
 10
larger than the value we get using
the vector propagator obtained in the ENJL model. This is indicating again that
the actual result should saturate before 8 GeV. This supports the choice of 
around 4 GeV, as argued above, as a sensible scale to estimate the high energy
contributions and will use the ENJL result at this scale as an estimate of these
contributions.
The O(1) contributions, as explained in Section 5, we have saturated with
charged pion and kaon loops modulated by vector meson propagators for the
vector legs. Since our model is only valid for energies below the axial-vector
mass, we take the dierence between the result at  = 1 GeV and where it
stabilizes as an estimate of contributions from resonances heavier than 1 GeV
running in the loop. These contributions are higher order in the chiral counting
and suppressed by inverse powers of the mass of these resonances. Therefore, we
take them as an estimate of the intermediate and high energy contributions for
this O(1) in the 1=N
c
expansion contribution.
We want also to make a general comment regarding the use of the ENJL







!1, then the photonvector propagator in Eq. (4.3) goes to zero as
1=Q
2






dierence will not aect very much the calculation since in the region where we
apply the ENJL model both vector meson propagators behave very similarly.
3
Notice that this cannot be done in the ENJL model since is only valid for energies jpj << .
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8 Discussion of Results and Conclusions
From the discussion in Sections 4 and 7 and the numerical results in Section
6, we take the sum of results in the last columns of Tables 1 and 2 plus the
strange and charm quarks contributions as an estimate of the O(N
c
) hadronic
light-by-light contributions to a

including the eects of the U(1)
A
anomaly for










=  10:5(4:0)  10
 10
: (8.1)
Notice the error bars are about 40%. They are mostly induced by the uncertainty
of the higher energy contributions, see Section 7. Here we have taken as central
value the ENJL result for  ' 1.5 GeV. As upper bound for the pseudoscalar
exchange we have taken the ENJL result at  = 4 GeV. For the rest of contribu-
tions we have taken its upper bound where they stabilize. These contributions
are much smaller.
From the discussion in Sections 5 and 7 and the numerical results in Table 3,
we get for the O(1) in the 1=N
c









=  1:9(0:5 + 0:5)  10
 10
; (8.2)
where we have taken as central value the result at  = 1 GeV and as error the
high energy contributions as estimated in Section 7 plus ve times the VEGAS
error added linearly. The error also includes an educated guess of the O(1=N
c
)
corrections and the rest of the O(1) contributions, remember we have saturated
this contribution by the four-point function charged meson loop in Fig. 3(a).
See below for the comparison with the HGS model and the reason for the second
error 0.5.
Summing the results in Eqs. (8.1) and (8.2) we get our nal result for the
hadronic light-by-light contributions to a

within the Standard Model and main




=  12:4(5:0)  10
 10
: (8.3)
Here errors are added linearly. This result improves and substitutes the one in
Ref. [19]. There we took as rst estimate the result in Ref. [18] for the O(1) in
the 1=N
c
expansion contributions. Here, we have given an estimate for it and a
more detailed analysis of the high energy contributions has been performed.




bosons exchange in Fig. 3(b). This is due to several reasons: both the 1=N
c
expansion and the chiral counting [12], the presence of two anomalous vertices
and favourable combinatorial factors. The addition of all of them results in
this contribution being one order of magnitude bigger than the others. We nd
that the bulk of the numerical dierences with the calculation in Ref. [18] of
25
this contribution comes actually from the subtractions that the anomalous Ward
identities force to add when vector mesons are included in the picture [29]. These
subtractions were not taken into account in [18], see however [20].
In addition, we see from (3.4) that the HGS in the non-anomalous sector and




mass dierence. See the negative 
2
correction to the logarithmic behaviour there.
This also tends to lower the contribution to a

too much when vector mesons are









has an unknown high energy behaviour. This HGS model was
used in Refs. [18, 20] to calculate the O(1) contributions from pion and kaon
loops. We have adopted the criterion of using a complete VMD model inspired
by the O(N
c
) ENJL model. As shown in Section 6, this does not break any Ward
identity. This choice has, at least, a good high energy behaviour for two-point
functions, e.g. Weinberg Sum Rules are fullled. This is not true for the HGS




mass dierence is calculated
within this model. The result of the HGS model can however not be excluded
with these arguments and we have therefore added an extra 0.5 to the error in
Eq. (8.2).
Our calculation establishes that the contribution to a

from light-by-light
scattering is negative and relatively large. It is of the same order as the one-
loop electroweak corrections [4]. This result is around three times the aimed
experimental uncertainty at BNL. Our result has a large uncertainty due to in-
termediate and high energy contributions. Although we believe our estimate is
conservative, it has an unsatisfactory uncertainty that will be dicult to reduce.
Despite this uncertainty, the estimate in (8.3) is still an important theoretical
result for the interpretation of the muon g  2 measurement at the planned BNL
experiment.
Adding the theoretical calculations of the Standard Model contributions to
a

in Eqs. (1.2), (1.3), (1.4), (1.5), (1.7) and (8.3) gives the following present









where due to the theoretical origin of the quoted errors we have added them
linearly. Using for the full photon vacuum polarization insertion in the electro-
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A Construction of 










in Eq. (2.3). See Fig. 1 for denition of the momenta. This four-point function


































































































































































where i; j; k;m = 1, 2 or 3 and repeated indices are summed. There are in total
138 -functions. Not all of them are independent since they are related by Ward




















































) = 0 : (A.2)


































) is again telling
us that the light-by-light scattering contribution to a

is a nite quantity. We








) amplitudes using, for instance,
a cut-o regularization scheme like proper-time. This regulator introduces the









) are not the minimal set of independent am-
plitudes. We can still reduce it further with some additional Ward identities.









). Since the quantity we need to compute is the anti-
symmetric part of M















= 0, we can reduce the number of














































i; j; k;m = 1 or 2, so that we need 32 functions. This is the set of amplitudes
which we will use in all our calculations.
B Three-Point Functions
In this appendix we give the three-point functions needed in Section 4. Barred
three-point functions are the one-constituent-quark loop ones. From Eqs. (4.7),
(4.10) and (4.11) we see that we only need barred three-point functions, therefore
we only give the explicit expression for them. The full three-point functions can
be obtained using the methods explained in [27] in a straightforward manner.
We will only give the contribution to the three-point function given by the clock-
wise orientation of the internal quark lines. The other orientation is taken into
account in the permutation of the external vector legs, see Section 2.




















































]. Summation over colour
between brackets is understood and latin indices are avour indices. Owing to







































































), i = 1;    ; 4 amplitudes which are UV nite. We com-






), i = 1;    ; 4 with the standard
Feynman parametrization technique and using proper-time regularization. This
regulator introduces the physical cut-o , see Section 3. The V V S three-point
































































(x)]. It was calculated in this ENJL model in Ref. [27].




































is the avour i constituent quark mass. Function (B.5) is the one-
loop constituent quark (barred function) contribution with clock-wise orienta-








































































































Notice that in Eq. (B.6), we have given the constituent quark mass dependence
that was not explicit in Ref. [27]. In Eq. (B.7) we have corrected an obvious
misprint in Ref. [27].




































































(x)]. The most general Lorentz decomposition in four














































































We have used Schouten identities to eliminate redundant terms. These identities
can be also used to relate this basis to the one used in [44]. As for the other three-






), i = 1;    ; 6, are independent
since they are related through Ward identities. In this case there are three Ward
identities that reduce the six amplitudes to three independent ones. For the






















































































point function in (B.6). The explicit expressions for the corresponding barred
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